Abstract. The Purcell factor Fp is a key quantity in cavity quantum electrodynamics (cQED) that quantifies the coupling rate between a dipolar emitter and a cavity mode. Its simple form Fp ∝ Q/V unravels the possible strategies to enhance and control light-matter interaction. Practically, efficient light-matter interaction is achieved thanks to either i) high quality factor Q at the basis of cQED or ii) low modal volume V at the basis of nanophotonics and plasmonics. In the last decade, strong efforts have been done to derive a plasmonic Purcell factor in order to transpose cQED concepts to the nanocale, in a scale-law approach. In this work, we discuss the plasmonic Purcell factor for both delocalized (SPP) and localized (LSP) surface-plasmon-polaritons and briefly summarize the expected applications for nanophotonics. On the basis of the SPP resonance shape (Lorentzian or Fano profile), we derive closed form expression for the coupling rate to delocalized plasmons. The quality factor factor and modal confinement of both SPP and LSP are quantified, demonstrating their strongly subwavelength behaviour.
Introduction
Nanophotonics permits light-matter interaction at the nanoscale, down to the single photon/single atom level. The motivations are notably sensitive sensing with applications such as nano-optical imaging (surface analysis), environnemental health (air pollutants, infectious agents detection), security (explosive detection) or healthcare (cancer early diagnosis, theranostics) and the miniaturization of photonics components for on chip integrated ultrafast devices. The optical crosssection is a simple way to characterize the efficiency of light-matter interaction. For a molecule, it is typically σ 10 −20 m 2 , that has to be compared to the focus area of a diffraction limited beam, of the order of (λ/2) 2 
10
−13 m 2 in the visible domain. This unsuitability between the light confinement and the active size of the molecule points out the difficulty of so-called nanoscopy [1] . In the last decades, several strategies have been proposed to increase the efficiency of lightmatter interaction. i) Increasing the absorption crosssection by working at low temperature; indeed, in the limit of very low temperature (T < 10 K), the molecular absorption cross-section increases up to the diffraction limit σ 0 = 3λ 2 /2π revealing that the molecule absorbs almost all the incoming light of a focused beam [2, 3] . ii) Increasing the duration of the interaction by placing the molecule inside an optical microcavity presenting a high quality factor Q [4] . iii) Confining the excitation beam below the diffraction limit thanks to near-field optics [5, 6, 7, 8, 9] or plasmonics [10, 11] .
Quantitatively, the efficiency of light-matter interaction can be inferred from the so-called cooperativity parameter C. The meaning of this parameter is easily understood from a classical point of view [12, 13] . In free-space, the cooperativity can be expressed as the ratio between the resonant atomic cross-section σ 0 and the effective area A ef f = πw 2 0 of a gaussian beam with a beam waist w 0 ; C 0 ≈ σ 0 /A ef f . Therefore, the cooperativity quantifies the suitability between the focused spot and the molecule active area. In an optical Fabry-Perot cavity, it increases to C = 4C 0 F/π where F is the finesse of the cavity. The cavity enhances the free-space cooperativity by the number of wave round trips F/π inside the cavity and an additionnal factor of four accounting for the intensity enhancement at a mode antinode. In cavity quantum electrodynamics (cQED), the cooperativity writes for a single atom
where g is the coupling rate between the atom and the cavity mode. κ cav and Γ 0 refers to the cavity losses rate and the atom decay rate in vacuum, respectively (n 1 Γ 0 is the decay rate in the homogeneous medium of optical index n 1 ). The strong coupling regime, g κ cav , Γ 0 (C 1) leads to a reversible energy exchange between the cavity and the atom. In the weak coupling regime, the cavity opens a new channel for the atom (irreversible) relaxation with a decay rate Γ = (1+2C)Γ 0 . The Purcell factor quantifies the effect of the cavity on the atom decay rate and writes
with Γ cav = Γ − n 1 Γ 0 the modification of the decay due to the optical microcavity. It also expresses [14] 
where Q is the quality factor of the cavity and V ef f the effective volume of the cavity mode involved in the coupling. λ em is the emission wavelength of the atom. This expression is equivalent to the classical description with the finesse for a Fabry-Perot cavity. Remarkably, the Purcell factor expression (3) points out that spontaneous emission can be efficiently controlled in an optical cavity presenting a high quality factor and/or a strongly confined mode. However, high Q cavities are obtained at the price of low modal (diffraction limited) confinement [4] . In this context, molecular plasmonics proposes a new strategy for light-matter interaction [15, 16, 17] . The strong confinement of surface plasmon polaritons insures efficient coupling at a deeply subwavelength scale whereas cavity-QED increases the duration of interaction. At this point, we have to mention that the Q factor entering the Purcell factor is the lower of the cavity factor and the atomic resonance. Actually, 1/Q = 1/Q at + 1/Q cav where Q at and Q cav are the quality factor of the atom emission spectrum and cavity, respectively [18] . That is why cQED generally works at low temperature where atomic resonance is sufficiently narrow so that cavity modifies the spontaneous emission (Q at Q cav and Q ≈ Q cav ). On the contrary, low Q factor of plasmon resonance permits to work at room temperature and let envision high-speed optical devices [19, 20] . This paves the way to ultrafast control at the nanoscale.
The Purcell factor describes the emitter-cavity coupling as a function of the optical cavity properties, independently of the emitter properties. Particularly, the best coupling efficiency is achieved for high Q/V ratio, that occurs either for a narrow resonance, or a deeply confined mode. The Purcell factor is therefore a key parameter to transpose cQED concepts to quantum plasmonics [15, 21, 22, 23, 24, 25, 26, 27, 28] .
In this article, we first summarize the derivation of the Purcell factor in an optical microcavity with particular attention to the underlying hypothesis (section 2).
In section 3, we briefly discuss some expected applications of efficient emitter-SPP coupling. Then we study the concept of plasmonic Purcell factor.
Since the mode confinement is the crucial parameter for achieving a high Purcell factor near a plasmonic nanostructures, we follow a progression from extended metal film (section 4) and plasmonic waveguide (section 5) supporting delocalized surface plasmon polaritons (SPP) towards nanoparticles sustaining localized surface plasmons (LSP, section 6).
Purcell Factor

Purcell factor in an optical microcavity ; generalities
The spontaneous emission at the angular frequency ω em = 2πc/λ em from the excited state |b to the ground state |a of an excited atom presents a decay rate that follows Fermi's golden rule
H I = −p·Ê(r) is the interaction hamitonian describing the coupling of an atom to an electromagnetic field within the dipolar approximation, taken at the position r of the atom. The operatorsp andÊ refer to the atomic transition dipole moment and the electric field, respectively. In the following, we are interested in the effect of the cavity on the spontaneous emission rate. Therefore, we separate the decay rate into the free-space contribution (in an homogeneous medium of optical index n 1 ) and the cavity contribution
In addition, we assume a single-mode cavity, resonant at ω c , therefore
1 indicates a photon into the cavity mode. The coupling rate g between the atom and the cavity mode (see Eq. 1) obeys g = | a, 1|H cav |b, 0 |. The electricfield operator associated to the single-mode cavity writes [12, 29] 
where V is the quantization volume,â the boson operator and f (r) describes the spatial variations of the mode into the cavity [|f (r)| = 0 at a node and |f (r)| = 1 at an antinode]. To achieve this expression, the classical electric field is expressed
and is normalized with respect to the energy
where we assumed a non dispersive medium. Finally, the mode volume obeys
Spectral shape of the resonance In the case of a lossy cavity, the dirac distribution in (8) is replaced by the density of modes per unit angular frequency N (ω) (unit: s.rad −1 ). Moreover, the profile of the mode resonance is assumed to be Lorentzian
Defining the resonance quality factor Q = ω c /κ cav , we can rewrite
(15)
Spatial profile Inserting the electric field operator (Eq. 9) into the interaction hamiltonian, we achieve
where we introduced the dipole moment orientation u (i.e p = pu).
Purcell factor Finally, using eq. (15) and (16) the cavity contribution to the decay rate (eq. 8) simplifies to
so that the normalized decay rate writes [using eq. (6) and
2.1.1. Summarize The cavity contribution to the decay rate obeys
where F p is the so-called Purcell factor, f (r) reveals the position dependency (from cancellation at a node to maximum effect at an antinode) and the denominator factor [1 + 4Q 2 (ω em /ω c − 1) 2 ] shows the effect of the detuning between the emission frequency and the cavity resonance. Finally, the emitter couples to modes presenting a polarisation along the dipole moment [quantified by the term |u · f (r)|].
In the following, we are interested in defining the Purcell factor for a dipolar emitter coupled to a plasmonic nanostructure. It is therefore useful to recall the hypothesis done to demonstrate the Purcell factor expression (3):
• the Purcell factor is associated to a given mode of the cavity
• the cavity resonance follows a Lorentzian shape
• the mode volume can be estimated from expression (13), assuming a non dispersive medium. It equivalently writes
where E(r) is the electric field associated to the cavity mode [f (r) = E(r)/M ax [|E(r)|] describes the mode profile].
Purcell factor near a nanofiber
The full control of spontaneous emission in 3D optical cavity is a technological challenge and is bandwidth limited so that simpler configurations have been proposed. In particular, fluorescence emission into photonic nanowires can be enhanced over a large spectrum range so that it has been widely studied in the last decade [30, 31] . To derive the Purcell factor near a waveguide, we define an arbitrary quantization length L. The electric-field operator and the density of mode write, respectively [32] 
A ef f defines the mode effective area and v g is the group velocity of the guided mode. N 2D = 1/πv g is the density of guided modes. We then proceed as previously and the Purcell factor for the guided mode simplifies to
The Purcell factor near a photonic nanofiber is governed by the group index n g = c/v g of the guided mode and its transverse confinement A ef f . High Purcell factor necessitates low group velocity (e.g. near the band-edge of the dispersion relation [33, 34] ) and/or a highly confined mode.
Purcell factor in a Fabry-Pérot cavity
We finally consider the one-dimensional (1D) planar waveguide. The density of guided modes obeys N 1D = ω/2πn ef f n g where n ef f refers to the mode effective index. The Purcell factor becomes
, with (25)
L ef f is the mode effective length and characterizes its confinement.
2.1.4.
Coupling efficiency (β-factor) So far, we have introduced the Purcell factor that quantifies the coupling strength between a dipolar emitter and a photonic structure. Since the emitter could relax to its ground state thanks to various channels (cavity mode, leakage, non radiative energy transfer), it is also useful to define the coupling efficiency to the cavity mode. It is the so-called β-factor (27) where Γ tot = Γ cav + Γ other is the total decay rate that includes all the relaxation channels. In a single mode cavity, the relaxation channels are generally the cavity mode with the decay rate Γ cav , and coupling to leaky modes. Usually, leakage are of the same order of magnitude than the initial radiative rate (Γ other
. For instance, a Purcell factor of about F p ∼ 10 corresponds to a coupling efficiency β ∼ 90%. High β factor is required for low threshold lasering [35] .
Decay rate near lossy and dispersive materials
In presence of a lossy and dispersive medium, the modification of the decay rate can be described either within classical Lorentz model of an oscillating dipole [36, 37, 38] or within the full quantum description [39] . In both cases, this leads to the following expression for the rate modification Γ u (r)
where G is the Green's tensor associated to the emitter surroundings and G uu refers to its diagonal components along the dipolar direction u. This expression quantifies the modification of the decay rate in a complex surroundings and will be our starting point to determine the effect of plasmonic nanostructures on the fluorescence decay rate. The expression (28) is a generalization of the Fermi's golden rule to dispersive and lossy surroundings. Indeed, the Fermi's golden rule (4) can be recast in the form
where we introduced the coupling strength g and density of modes N (ω), as discussed above. It is wellknown from scattering formalism that the partial local density of states (P-LDOS) is related to the Green's dyad (unit:
so that Eq. (28) and (4) are fully equivalent in a non-absorbing medium. The P-LDOS also writes from cQED considerations
Therefore, the P-LDOS grasps the spatial dependency of the coupling to the cavity mode by f u (r) and the density of available modes for light emission ρ(ω) = N (ω)/V , per unit angular frequency and unit volume.
Plasmonic addressing and control of optical nanosources
Before discussing the plasmonic Purcell factor, it is worthwile to briefly introduce some expected applications of coupled emitter-SPP configurations. We indicate here the main applications and refer the reader to the literature for more complete descriptions.
Surface enhanced spectroscopies
Surface Enhanced Raman Spectroscopy (SERS) is probably among the first application of molecular material coupled to plasmonics nanostructures [41] and is now available at the single molecule level [42] so that ultrasensitive chemical or biosensors are expected [43] . In the context of Purcell factor, we would like to mention that the SERS efficiency follows a ∝ Q 2 /V law with the LSP properties [44] .
Following SERS, metal enhanced fluorescence (MEF) leads to enhancement factor of the order of tens [45, 46, 47, 48, 49, 50] with possible applications to nanotheranostics [51, 52] . The fluorescence increase results from excitation field enhancement and emission rate modification (Purcell effect). However, due to the non radiative energy transfer to metal nanostructures, it is crucial to distinguish the radiative from non radiative rates. At the end, the critical parameter is the quantum yield of the emitter so that the total enhancement is generally limited by the intrinsic quantum yield of the fluorescent molecule [53, 54, 55, 56] . Remarkably, coupling an emitter to a plasmonic nanostructures opens the way to the control of the photophysical processes [57] , notably blinking effect [58, 59, 60] and photobleaching [61] , but also to modify the ratio between magnetic and electric allowed dipolar transitions [62, 63] .
Nano-optical antennas
Since a plasmonics nanostructure efficiently interfaces a single molecule to far-field radiation [64, 65, 66, 67] the concept of optical nano-antenna has emerged since a decade [68, 69, 70] . Optical nano-antennas rely on plasmonics nanostructures to efficiently redirect the fluorescence emission and cQED-like description gives an insight of the coupling mechanism [15, 71] . Recently, a Purcell factor up to 1000 keeping a reasonable quantum yield and with a collection efficiency of 84% was demonstrated [72] . Moreover, optical nanoantenna could efficiently interface molecular fluorescent emission and a nanophotonic waveguide [73] with possible applications to realize a platform for quantum optics. In addition, coupling a single photon source to an optical nano-antenna permits to control its emission cadency [74, 75, 76, 77, 78, 79, 80, 81, 82, 83] . Realization of indistiguishable single photons is also a major issue [84, 85] .
SPP amplification and SPASER
Taking advantage of the analogy between optical microcavities and plasmonic nanostructures, the concepts of plasmon nanolaser and amplifier were proposed [86, 87, 88] . It consists of a gain medium in contact to a metal nanostructure so that stimulated emission of plasmon occurs. The efficiency of the stimulated emission strongly depends on the Purcell factor [89, 90, 91, 92] .
Dipole-dipole coupling
Finally, since an emitter can be efficiently coupled to a surface plasmon, it has been proposed to use plasmon to couple two emitters for applications such as long range resonant energy transfer (above 10 nm) [93, 94, 95, 96, 97] or qubits entanglement [98, 99] . In the following, we discuss the plasmonic Purcell factor for typical configurations. We first consider the well-known case of extended metal film that is the simplest case of delocalized SPP enabling to clearly identify the coupling mechanisms [100, 101] . Figure 1 presents the dipolar total decay rate as a function of the distance to a gold surface [103] . The perfect mirror (perfect electric conductor -PEC) case is also shown for comparison [104] . Far from the surface, we observe a typical interference pattern since the driving reflected field has to be in phase with the dipolar oscillation to enhance the emission rate. When the emitter touches the surface, the decay rate presents a finite value for the perfect mirror. It fully cancels for a dipole parallel to the surface (Fig. 1a) whereas it doubles for a perpendicular dipole (Fig. 1b) , in agreement with the image dipole induced into the conductor. In case of real metal, the behavior is rather different close to the surface due to the apparition of new decay channels such as excitation of SPP and non radiative energy transfer to the metal film [100, 101] .
Quantum emitter decay rate near a metal mirror
Thick mirror
Relaxation channels
The various contributions to the total decay rate are easily determined from the Sommerfeld expansion of the dipolar emission, represented in Fig. 2 [101, 103] . Indeed, since the metal/air interface is invariant along r = (x, y), it is possible to expand the Green's dyad over the wavenumber k so that the total decay rate (Eq. 28)
where u = , ⊥ represents the orientation of the emitter and d is the distance to the metal surface.
em |p| 2 /12π 0 c 3 is the power radiated by the oscillating dipole in vacuum.
P (k ) is the dipolar emission power spectrum (in the k -space) and represents the dipolar emission at a surface wavector k . P(k ) is P (k ), normalized with respect to P 0 (unit of P: meter).
It is useful to distinguish the radiative waves for which k ≤ n 1 k 0 that contributes to the radiative rate Γ rad and the evanescent waves k > n 1 k 0 . Evanescent waves corresponds to either SPP or lossy waves (LSW) [100, 101] . Particular attention has to be paid to SPP contribution, shown in Fig. 2b . It presents a Lorentzian profile that permits to derive a closed form expression for the Purcell factor as we will discuss in details later. Finally, the large wavectors are associated to electron scattering losses. These so called lossy waves are responsible for fluorescence inhibition close to the metal surface. Let us mention that an additional non radiative energy transfer, namely electron-hole pair creation in the metal, could also occur at very short separation distances (d < 1 nm) but is not included in this model since it involves non local description of the metal dielectric constant [100] .
Eventually, we present in Fig. 3 the radiative, SPP and lossy waves contribution to the total decay rate. The radiative decay rate is the main channel for large separation distances whereas lossy waves dominate very close to the metal surface. The SPP contribution is practically negligible for a parallel dipole (Fig. 3a) since Au/air SPP is TM polarized (that is the electric field is perpendicular to the metal surface), hence low β factor (Fig. 3c) . At the opposite, we observe that a perpendicular dipole is efficiently coupled to a SPP (Fig. 3b) . About 90% of the dipolar emission couples to the Au/air SPP for a separation distance of d = 200 nm, see Fig. 3c . This high β-factor originates from a low radiative rate due to a destructive interference between the direct and reflected dipolar fields ( Fig. 3b) . At shorter distances where the SPP rate is higher, we achieve β ⊥ = 70% for d = 40 nm, see Fig. 3c .
At this point, a closed form expression of the plasmonic Purcell factor is achievable. Since the emitted power follows a Lorentzian profile near the SPP resonance, the integration over the SPP contribution leads to [105] This extends the Purcell factor definition to a (lossy) SPP. Care has to be taken when interpretating plasmonic Purcell factor, in particular the role of losses. We derive in Appendix A.2 the SPP contribution assuming a lossless metal. It perfectly matches the SPP contribution calculated for a real lossy metal (see green dots in Fig. 3b ). So the plasmonic Purcell factor does not depend on the propagation length [105, 106] , although it explicitly appears in the denominator of expression (36) . Mathematically, the integral of the Lorentzian resonance gives the number of supported modes and does not depend on ohmic losses [107] . This is finally not surprising since SPP rate defines the coupling efficiency to the propagating SPP, no matter of how energy is dissipated afterward. As a consequence, the Purcell factor as well as the coupling efficiency to a SPP can be high, even in presence of strong losses. We plot in Fig. 4 the different contributions to the decay rate at λ em = 525 nm. Due to strong losses in gold, it is difficult to separate the SPP and LSW contributions to the total decay rate. This behaviour is discussed in detail in Appendix A.3. For simplicity, we estimate the SPP decay rate from the emitter power integrated over 1 < k /k 0 < 1.4. All decay channels present a behaviour very similar to the λ em = 670 nm case (compare with Fig. 3 ). Although we expect strong losses in the metal due to interband transitions, we still observe β ⊥ = 80% for d = 100 nm, see Fig. 4b . The SPP has an effective index n SP P = 1.10 (effective wavelength λ SP P = 477 nm) but an extremelly short propagation length L SP P = 640 nm. Therefore, the SPP presents only a single spatial oscillation over its propagation length. This quasi-mode, although efficiently excited would not be of interest for the control of a dipolar emission.
So far, we only discussed the emission process of the dipolar emitter. Another quantity of interest is the collection efficiency. We plot in figure 5 the scattering rate Γ scatt , defined as the dipolar power dissipated in the far-field zone. The difference with the radiative rate Γ rad is due to absorption in the metal but doesn't depend on the distance to the metal surface [103] (see also Appendix A.4). We observe in Fig. 5b that Figure 6 . Collection efficiency as a function of the detection numerical aperture (NA). The emission wavelength is λem = 670 nm and the dipole is perpendicular to the surface. absorption becomes negligible above λ > 650 nm.
As last quantity, we plot in Fig. 6 the collection efficiency η = Γ scatt (N A)/Γ rad as a function of the detection numerical aperture (NA). Γ scatt (N A) refers to the power scattered in a given NA. A NA=0.6 air objectif collects 10% of the emitted signal so that strategies has to be developed to improve this efficiency such as surface plasmon coupled emission (SPCE) [46] or grating decoupler [108, 109, 110] . 4.1.2. Quality factor and mode confinement Microoptical cavities are generally characterized by their mode confinement and quality factor. For comparison purposes, it is therefore convenient to estimate also SPP confinement and quality factor.
Firstly, the SPP quality factor is estimated from the resonance Lorentzian profile (Fig. 3b) . At λ em = 670 nm it comes Q = k spp /∆k spp = n spp /2n spp = 192.
Secondly, we would like to characterize the mode confinement. For this purpose, we identify the SPP rate Γ SP P /n 1 Γ 0 (Eq. 36) to the Purcell factor (Eq. 25). Remembering the hypothesis done to achieve the Purcell factor expression, we calculate Γ SP P at the gold/air interface where the SPP field amplitude is the highest and sum the contributions for dipoles along the three directions (so that |u · f | = 1). Indeed, the decay rate obeys then
We estimate the SPP effective and group indices n spp = 1.036 and n g = 1.16, respectively, from the dispersion relation. From identification to the Purcell factor (Eq. 38), we can attribute the effective length L ef f = 203 nm 0.6(λ spp /2) to the gold/air SPP (Purcell factor of F p = 2.9). This effective length is similar to the SPP penetration depth in air δ/2 = λ/2k 0 n 2 spp − 1 = 196 nm. Indeed, neglecting the mode extension in gold, its effective length can be estimated as (assuming the validity of this expression in presence of the absorbing and dispersive gold mirror)
and δ is a good parameter to estimate the SPP confinement. For λ em = 525 nm, we achieve Q = 8 and L ef f = 223 nm (λ spp /2) (and δ/2 = 235 nm). However, plasmonic Purcell factor is menaningless in this spectral range as pointed out in the previous section.
Thin metal film
4.2.1. Relaxation channels We now turn to the thin metal film case. We consider a 50 nm gold film deposited on a glass substrate, and an emission wavelength λ em = 670 nm. The Au/air and Au/glass SPP modes couple and to form a leaky and a bound SPP. We determine their characteristics using the reflection pole method [111] . The leaky mode is confined at the gold/air interface and has an effective index n SP P 1 = 1.0375 and a propagation length L SP P 1 = 8.8 µm (n SP P 1 = 6.07 · 10 −3 ). The bound SPP is confined at the gold/glass interface (n SP P 2 = 1.663, n SP P 2 = 1.45 · 10 −2 corresponding to L SP P 2 = 3.7 µm). Figure 7a presents the dipolar emitted power P (k ). We observe a similar behaviour than above a gold mirror with three different contributions; the radiative waves (k ≤ n 1 k 0 ), the two SPP contributions and the lossy waves for high wavenumbers k . Note that the leaky plasmon also contributes to the radiative waves via leakage into the glass substrate (so-called surface plasmon coupled emission -SPCE) [112] . We again observe the strong increase of LSW for a dipolar emitter close to the metal film. Finally, the two peaks near k = 1.04k 0 and k = 1.66k 0 reveal the SPP contributions. Their resonance profiles are shown in details on Fig. 7(b,c) . These two modes result from the coupling of the (leaky) Au/air and (bound) Au/glass SPP of a single interface. Therefore their resonant behaviour does not follow a Lorentzian profile anymore but rather a Fano profile [113, 114] . Fano profile expresses
This expression is a generalization of the Fano formula to lossy materials according to ref. [114] . q is the ratio between the optical response of the mode of interest and the second mode and b introduces an offset due to losses. The Fano fits perfectly match the two SPP resonances (Fig. 7b) . The leaky mode presents a high q parameter (q = 50) so that it closely follows a Lorentzian profile. However, the bound mode resonance cannot be fitted with a Lorentzian profile since it is coupled to a leaky mode that can be treated as a continuum, hence the Fano behaviour [18] . The SPP contribution is therefore estimated from the integral of the Fano resonance. If we remove the continuum background contribution, we obtain (see Appendix B)
We plot in Fig. 8(a,b) , the different contributions to the total decay rate for a dipolar emitter oriented parallel or perpendicular to the metal surface. The radiative rate refers to the power integrated over 0 ≤ k ≤ n 1 k 0 (radiative waves in medium 1). Note that leakages of SPP1 into the substrate contribute to the scattering rate but not to the radiative rate. We discuss this point later. The contribution of surface plasmon to the decay rate remains small for a dipole parallel to the surface. Differently, for a perpendicular dipole, we observe strong excitation of the gold/air SPP1 (Fig.  8b) whereas the gold/glass SPP2 contribution remains small due to poor overlap with the dipolar emission since the emitter is located in air. This is quantified by the coupling efficiency β represented on Fig. 8(c,d) . Up to β = 93% coupling efficiency is achieved for a vertical dipole d = 200 nm above the gold film. This high β-factor originates from the small radiative rate at this distance due to an interference effect between the direct emission and the reflected field. Note that the SPP rate is equal to the free-space rate at this distance (Γ SP P 1 /n 1 Γ 0 1). Therefore the power coupled into the SPP guide is the same as the power emitted in the whole space (4π str) by an isolated radiator.
Since the gold/air SPP is leaky into the substrate (n SP P < n sub ), it is worthwhile to estimate leakage radiation that are of interest for e.g. leakage radiation microscopy [92, 115, 116] or surface enhanced fluorescence [45, 117] . In order to determine the leakage contribution, we first estimate the leakage and Ohmic losses of the gold/air SPP. Indeed, the finite propagation length of the leaky plasmon originates from i) intrinsic (Ohmic) losses with the rate per unit length α i and ii) radiative losses into the substrate with the rate per unit length α leak [116, 118] . The propagation length expresses
The leakage rate is estimated by cancelling the ohmic losses [Im(ε Au ) put to zero] to α leak = 6.1 · 10 −2 µm −1 . Therefore SPP leakage contributes for ∞ 0 α leak e −r /L SP P dr = α leak L SP P = 53% to the SPP rate. Figure 9a presents the power emitted in the far field Γ scatt as well as the radiative rate and SPP leakage (Γ leak = 53%Γ SP P 1 ). We also estimate the absorption in the metal Γ abs = Γ rad + Γ leak − Γ scatt . Only a small part of the radiative emission is absorbed in the metal and doesn't contribute to the far-field emission. This rate practically doesn't depend on the distance to the metal film as in the mirror case (see Fig.  5 ). Last, the collection efficiency into the substrate using an oil immersion objective (N A > n SP P 1 ) is estimated as β leak = Γ leak /Γ tot and is shown in Fig.  9b . It reaches 50% at 200 nm.
4.2.2.
Quality factor and mode confinement We proceed as previously (see §4.1.2) to estimate the SPPs quality factor and effective length. We gather the values achieved for the leaky and bound SPPs in table 1. Although the leaky SPP is delocalized into the substrate, we can estimate an effective length according to the Purcell factor definition. It is again close to the penetration depth in air, indicating that the confinement entering the Purcell factor corresponds to the near-field behaviour of the SPP mode. We will observe a similar behaviour for localized surface plasmons (see §6.2).
In-plane plasmonic cavity
SPP is a surface wave, intrinsically confined near the metal film. It can be furthermore laterally confined by distributed Bragg reflectors, forming an in-plane plasmonic cavity as schemed in Fig. 10 [119 , 120, 121] . Such an open in-plane plasmonic cavity would further increase the plasmonic Purcell factor, with the possibility to access the fluorescent emitter. This enables an external control or manipulation of the emitter position (optical trapping, AFM manipulation, ...) or emission properties (Stark effect using a STM tip, ...). The two-dimensional dipolar emission can be numerically achieved using the 2D-Green's dyad technique. It expresses [105, 122] 
where r xz = (x, z) is the emitter position in the transverse plane (Oxz) and k y the component of the wavector along the invariant y−axis. Since the 2D-Green's dyad G 2D associated to the grating structure can be numerically computed, we can define the normalized dipolar emission power
uu (r xz , r xz , k y ) as a function of the propagation constant k y . This makes a direct analogy between the dipolar emission in 1D and 2D geometries and all the above discussion near a flat metal film is easily extended to this configuration. Figure 10 compares the behaviour of a (2D) planar plasmonic cavity and a (1D) Fabry-Perot cavity. The 2D dipolar emission P (k y ) and 1D dipolar emission P (k ) are calculated for a dipolar emitter parallel to the mirrors and located at the center of the cavity. The dipolar emission significantly increases for cavity size L cav = (2p + 1)λ ef f /2 with p an integer and λ ef f the mode effective wavelength (λ SP P or λ em /n 1 in the plasmonic and Fabry-Perot cavities, respectively). This corresponds to the emission into the even modes of the cavity that presents an antinode at the cavity center. We observe a cut-off for cavity size below λ ef f /2. The normalized decay rate, calculated as a function of the cavity size, presents very similar behaviour for these two cavities. This demonstrates the strong analogy between the in-plane plasmonic cavity and the micro-optical cavity. However, some distinct features appear in the planar cavity. First, since SPP are polarized perpendicular to the metal film, we do not observe polarization degeneracy (TE/TM) in the planar cavity. We also note the permanent contribution of the planar SPP mode at k y /k 0 = Figure 10 . a) Power dissipated by a dipolar emitter inside the plasmonic cavity, as a function of cavity length Lcav and in plane wave vector along the cavity axis ky/k 0 . The glass/gold/air slab contribution is subtracted to characterize the cavity effect. Inset: Decay rate as a function of the cavity length obtained by integrating the dissipated power over all the ky/k 0 spectrum range (including the glass/gold/air slab contribution). b) Same as (a) for a 1D gold/air/gold cavity. The dipolar emitter is located at the cavity center and parallel to the mirror walls. The 1D cavity modes are indicated on the dispersion curve. Reproduced with permission from ref. [121] , APS, copyright 2012.
n SP P = 1.04. The gold/glass SPP at k y /k 0 = 1.66 contribution is very weak (not shown). Finally, a planar plasmonic cavity relies on the confinement of the SPP surface waves instead of confining a bulk mode for an optical micro-cavity. This additionnal mode confinement leads to a significant increase of the decay rate inside the cavity [121] . This is however at the price of strong losses.
Purcell factor near a plasmonic waveguide
As discussed above, SPP Purcell factor into extended metal film can be increased by an in-plane cavity that confines laterally the delocalized SPP. However, the lateral confinement is still limited to about λ SP P /2. Stronger lateral mode confinement can be achieved in plasmonic waveguides. For instance, metal nanowires does not present a cut-off and the lateral mode confinement is not diffraction limited but given by the nanowire cross-section [123] . Therefore, we expect high coupling efficiency of a dipolar emitter to a metal nanowire [124, 125, 126, 127, 128, 129, 130] . Metal nanowires define 1D plasmonic waveguides with a great potential for integrated optical routing [131] . They can be chemically synthesized with high crystallinity hence supporting SPP with reduced losses [132, 133, 134, 135, 136] . SPP propagation can be controlled by a single emitter, leading to the concept of single photon transistor [137] . Reciprocally, two distant emitters can be interfaced via surface plasmons, with applications such as SPP mediated resonant energy transfer [94, 122] , remote qubits entanglement [99, 138] or nanooptical logical gates [98] . SPP gain amplification has also been shown when dipolar emitters play the role of gain medium [139, 140, 141] . On the basis of expression (44) the different decay channels near a plasmonic waveguide are easily estimated.
In order to specifically discuss the contributions of the guided modes, we rewrite the expression (44) in the equivalent form
where we have introduced the 2D-LDOS [105, 122] ∆ρ
and
0 is the difference between the total Green's tensor of the 2D-structure and the freespace Green's tensor G 2D 0 . It describes the role of the waveguiding structure only. Figure 11a represents the variation of the 2D-LDOS near a silver nanowire as a function of the propagation constant k y . It behaves very similarly to the mirror case (Fig. 2) . In particular, we can again distinguish three contributions to the decay rate. i) Radiative waves for k y < n 1 k 0 , ii) SPP peaked near the plasmon propagation constant (here k SP P = 2.28k 0 ) and iii) lossy waves at large k y . The corresponding decay channels are calculated by numerical integrations over the different wave domains.
We first discuss the SPP rate. The SPP contribution follows a Lorentzian profile as above a thick plasmon film. It is peaked on the plasmon propagation constant k SP P = 2.28k 0 and with a FWHM inversely proportional to the propagation length (L SP P = 1.2 µm; see the inset of figure 11a ). This again leads to a closed form expression of the plasmonic Purcell factor [105, 122] 
It is worth to compare this expression to the lossless case for which the coupling rate to the guided mode expresses [142, 143] 
where (E, H) is the electromagnetic field associated with the guided SPP mode. For a circular waveguide, an analytical expression is readily obtained (see supplementary information of ref. [122] ). Figure  11b compares the SPP rate obtained using the 2D-LDOS formalism in the lossy nanowire (eq. 74) and the lossless ideal system (eq. 48). Lossy and lossless rates perfectly superimpose, revealing that the coupling rate to the guided mode does not depend on the propagation losses [105] . The equivalence between the lossy and lossless Purcell factors for a guided mode can be understood as follows. The dispersion relation ω = f (k spp ) governs the guided mode excited by an emitter near the emission angular frequency ω em . Therefore, the dirac distribution in the decay rate Eq. (8) becomes
introducing the group velocity v g = ∂ω/∂k spp and assuming a weak dispersion around the emission wavelength.
is again replaced by a Lorenzian profile for a lossy waveguide so that we achieve
Moreover, the quality factor and effective volume of the guided mode are expressed, respectively by
A ef f defines the mode effective area (see Eq. 22) and we assume again a non dispersive medium. Finally, the Purcell factor simplifies to the nanofiber expression (24)
and does not depend on the propagation length. Moreover, the guided SPP mode volume obeys V spp = 2A ef f L spp that becomes strongly confined for short propagation distances L spp . It makes a bridge between delocalized and localized SPP, notably in the quasistatic regime where they present very similar behaviour [122] . This discussion also points out that the role of losses in the plasmonic Purcell factor must be carried out carefully. Eventually, the Purcell factor is identical considering a real lossy or an ideal non-lossy plasmonics waveguide, so that we can identify the Purcell factor expressions (24) and (48) to estimate the SPP confinement. As previously, we identify at the nanowire surface,
The effective surface of the guided SPP is shown on Fig. 11c as a function of the wire radius. This reveals that quantum plasmonics relies on strongly subwavelength mode confinement with huge Purcell factor (up to 10 3 see inset of Fig. 11c ) [21, 144] . We achieve similar values for λ em = 670 nm and a gold nanowire (not shown). The small SPP effective area permits to decrease the threshold for SPP amplification compared to a photonic nanowire of similar crosssection [145] .
Finally, the radiative and non radiative contributions are presented in Fig. 11(d,e) . Above d = 20 nm, the only contribution to the non radiative rate is SPP, due to losses along the propagation. At short distances, electron scattering are responsible of the additionnal losses, leading to fluorescence quenching. Last, a coupling efficiency into the guided plasmon of β = 83% is achieved at 20 nm from the nanowire (not shown) [105] .
For a nanowire above a glass substrate, the guided SPP becomes leaky. The 2D-LDOS again follows a Fano profile (or a Lorentzian profile for weak leakage) and the leakage rate is easily estimated as done in the case of thin metal film. For instance, β leak = 70% of the emission is collected into the substrate for a 100 nm silver wire 50 nm above the glass substrate [105] .
Since the 2D-Green's dyad associated to a plasmonic waveguide can be numerically computed, this formalism can be applied to arbitrary geometries [107, 146, 147, 148] . Specifically, crystalline silver nanowires present a pentagonal cross-section shape leading to strong mode confinement at the corners (see Fig. 12 ) [134, 149] . This mode confinement significantly increases the Purcell factor near the edge of the nanowire compared to a circular nanowire [105] .
Localized plasmon
This last section is devoted to localized plasmon for which we expect full 3D subwavelength confinement. For the sake of clarity, we focus on a spherical metal nanoparticle (MNP) that constitutes a canonical configuration for LSP. We first consider the quasistatic approximation for which we derive analytical expressions for the mode volume and quality factor of each mode ( §6.1). In section 6.2, we extend the discussion to the retarded regime using Mie theory.
6.1. Quasi-static regime 6.1.1. Dipolar LSP Let us consider a spherical metal nanoparticle (MNP) of radius R small compared to the wavelength. For clarity, we first discuss the dipolar response of the particle. It is characterized by the effective polarizability
The so-called radiative reaction (2k 3 α 1 /3) originates from finite size effect and energy conservation considerations [150, 151, 152, 153] . α 1 is the nanoparticle quasi-static (dipolar) polarisability and ε m is the metal dielectric constant. The dipole plasmon resonance appears at ω 1 such that ε m (ω 1 ) + 2 = 0. In case of Drude metal, the dipolar resonance is ω 1 = ω p / √ 3 with ω p the bulk metal plasma angular frequency.
If the metal dielectric constant obeys a Drude model, the effective polarizability follows a Lorentzian profile near the LSP resonance [154] 
κ 1 is the decay rate of the particle dipolar mode, and includes both the Joule (κ abs ) and radiative [κ
3 ω 1 /3] losses rates. We can therefore define the quality factor of the dipolar mode Q 1 = ω 1 /κ 1 that typically ranges from 10 to 25 for gold or silver nanoparticles [151] .
The decay rate of a dipolar emitter located in the very near-field of a spherical metal particle approximates to [155, 154, 156] 
for a dipole emitter oriented perpendicular or parallel to the nanoparticle surface and an emission tuned to the dipolar particle resonance (λ em = λ 1 = 2πc/ω 1 ). In order to determine the dipolar mode effective volume, we now identify the coupling rate Γ/Γ 0 to the Purcell factor (Eq. 3). It is worthwile to note that the Purcell factor is obtained assuming a single mode cavity. Since the dipolar mode is three-fold degenerated, the SPP rate writes Γ 1 /Γ 0 = 3F p so that we can identify the Purcell factor to the SPP rate of a randomly oriented dipolar emitter at the particle surface (z 0 = R). The average decay rate writes
where we define the dipolar LSP mode volume
is the volume of the MNP. As a consequence, although the dipolar LSP is radiative in the far-field, it is possible to assign a finite mode volume within the quasi-static approximation. As expected, it is strongly subwavelength for small MNP [69, 151, 157, 158] .
High order modes
The Purcell factor associated to the dipolar mode can be generalized to each LSP mode. Due to the (2n+1) degeneracy, the coupling rate to the n th mode (n=1, dipolar LSP, n=2, quadrupolar LSP, ...) obeys ‡
The quality factor is governed by ohmic losses κ abs in the MNP, identical for all the modes, and radiative ‡ We use a different definition for the mode volume in Ref. [151] , assuming a randomly oriented dipole. The definition used here, that includes the mode degeneracy is more consistent with usual Purcell factor definition.
losses that slightly decreases for high order modes [κ rad n ∝ (k n R) 2n+1 ]. Quality factor therefore slightly increases from a few 10 for a dipolar LSP (n = 1) to about 50 to 100 for high order modes. In addition, the high order modes are more confined than the dipolar LSP (
This quantifies the mode confinement and reveals that although having low Q factor, LSP presents sub diffraction mode volume that ensures efficient coupling to a nearby emitter at the origin of surface enhanced spectroscopies.
Last, we can again define a coupling efficiency β-factor to a given mode. It strongly depends on the distance to the MNP but also of the emission wavelength. For an emission wavelength matching the dipolar LSP, the coupling efficiency reaches β 1 = 90% into the n=1 mode at a distance d = 10 nm. It can be as high as β 2 = 87% into the quadrupolar mode at d = 15 nm if the wavelength emission matches the n=2 LSP resonance (not shown, see ref. [151] ).
6.1.3.
Energy confinement In cQED, the mode volume is defined as the energy confinement (see eq. 20). For dispersive materials, this extrapolates to
where (E n , H n ) is the electromagnetic field of the n th mode. In the quasi-static regime, the magnetic contribution is negligible and the electric field is confined near the particle surface. This definition then leads to V nrj n = 6/(n + 1) 2 V 0 [159] . The effective volumes of the (2n+1) degenerated n th LSP modes are represented on Fig. 13 (see Appendix C for details). We observe that the (2n+1) degenerated modes present the same volume (note that the energy confinement of the (l,m) mode is normalized with respect to the (l,m=0) mode maximum intensity).
The ratio between the mode volume deduced from Purcell factor (V P urcell ) and the mode volume estimated from energy mode confinement assuming a lossless metal ( V energy )
depends on the mode number n only. We attribute this difference to the (Joule and radiative) losses that are neglected in the energy confinement but taken into account in the Purcell volume derivation. Unlike delocalized SPP for which Purcell factor does not depend on Joule losses, Purcell factor for a localized LSP is strongly affected by losses in the metal. In addition, we observe that both Purcell and energy confinement derivations leads to identical values for the dipolar mode volume. This again shows that the mode volume entering in the Purcell factor is governed by the mode near-field behaviour, even for a leaky mode (see also §4.2.2). In addition, it is worth noticing that the LSP volume derived from the Purcell factor, taking into account losses, does not depends on the losses in the quasi-static approximation. As for cQED, the effect of losses on the Purcell factor are fully included in the quality factor (Eq. 68).
Retarded regime
So far, we have discussed the Purcell factor within the quasi-static regime. In this section, we generalize it to spherical MNP of arbitrary size using Mie expansion. Particular attention is again devoted to the definition of the mode volume as the energy confinement, in analogy with cQED definition. Dipolar emission near a spherical particle of arbitrary size is exactly solved using Mie (modal) expansion [160] . We can therefore again define a mode volume by identifying the contribution to the total decay rate of the n th mode to the Purcell expression (3) [161] . In the following, we define this volume as the Purcell effective volume. We compare it to the mode energy confinement (see eq. 71). However, the application of definition (71) is difficult in the retarded regime since LSPs leak in the far-field. As far as light-matter coupling is concerned, the pertinent parameter is the confinement of the mode energy stored inside the cavity. Following the work of Koenderink [162] , the intrinsic mode volume is estimated from the energy confinement, excluding radiative leaks [i.e, ordinate at the origin in Fig.  14(a,b) ].
In figure 14 , we compare the mode volume estimated from Purcell factor and energy definition as a function of the MNP size. This again reveals sub diffraction mode volume ensuring efficient light-matter interaction. For small particle, we recover the quasistatic limit. For large particles, the energy definition is in qualitative agreement with the Purcell factor definition. However, large MNP supports quasi-mode with lifetime shorter than the collective oscillation so that the concept of Purcell factor fails to describe this regime. 
where (Ẽ n ,H n ) is the quasi-normal n th mode. The convergency of the volume integral is ensured thanks to phase matching layers. This generalises the Purcell factor to dissipative cavities such that
This definition is consistent with the Purcell volume definition (Fig. 14) and reconciles the Purcell factor with the energy-like confinement definition of the mode volume [165, 166] . Similar definitions should work for the effective mode area or length. Moreover, detuning between the emission wavelength and the mode resonance ω n leads to a Fano-like behaviour [164, 167] . Taking into account the (2n+1) LSPs degeneracy, the decay rate for a randomly oriented emitter obeys
and generalizes expression (19) to lossy cavities. Figure 15 presents the dipolar and quadrupolar LSP contributions to the decay rate near a gold MNP. We observe an excellent agreement with the Fano-like behaviour. From the fitting parameters, we extract the Purcell factor, quality factor and effective volume of the dipolar mode: F p1 = 41, Q 1 = 6 and V 1 = 6.4 · 10 −4 µm 3 = 0.01 (λ 1 /n 1 ) 3 respectively. Similarly, for the quadrupolar mode: F p2 = 34, Q 2 = 8.4 and
6.3.2. Decay channels The Purcell factor quantifies the coupling efficiency into a given LSP mode but does not distinguish radiative from Joule losses, as for delocalized SPPs. Figure 16a presents the radiative and non radiative contributions to the decay rate near a gold MNP. At very short distances, the decay rate is enhanced by several orders of magnitude. For distances below a few nanometers, the non local response of the metal permittivitty (not included in this work) could lead to different values [168, 169, 170] but without Figure 16 . Decay rate as a function of distance to a 80 nm gold particule. a) Total, radiative and non radiative decay rates. b) Contribution of the dipolar (n=1), quadrupolar (n=2) and high order modes (n=10 and 50) to the total decay rate. The horizontal dashed line is the free-space contribution. c) Coupling efficiency β 1 to the dipolar LSP and apparent quantum yield as a function of the distance to the particle. The emission wavelength is λem = 670 nm and the optical index of the surroundings medium is n 1 = 1.5.
significative change in the behaviour. In the very nearfield, the main coupling mechanism is non-radiative energy transfer, responsible for fluorescence quenching [171] . Above d = 20 nm, the total decay rate is still enhanced by a factor of about ten but is mainly radiative. In Fig. 16b , we show the contribution of the dipolar, quadrupolar and high order LSP mode to the total decay rate. At short distances, high order modes play a dominant role since they are strongly confined near the particle surface, as revealed by their extremelly small effective volume (Fig. 14) [ 55, 151, 156, 172] . For distances of a few tens of nanometer, the radiative dipolar mode is responsible for the decay rate enhancement. This is summarized in Fig. 16c where the coupling efficiency to the dipolar mode reaches β 1 = 85% at d ≈ 20 nm. The apparent quantum yield η = Γ rad /Γ tot is governed by the dipolar mode in the near-field of the MNP as revealed by the two superimposed curve in Fig. 16c .
Conclusion
In this work, we transposed the cQED Purcell factor to plasmonics. The Purcell factor characterizes the capability of a structure to modify and control the emission of a nearby emitter. Both optical cavity and plasmon modes present high Purcell factors that favor efficient excitation by a dipolar emitter. However it originates from high quality factors in case of optical cavities (but diffraction limited confinements) and on strongly subwavelength confinements for plasmonics (but low quality factors). Therefore the Purcell factor reveals the new paradigm opened by quantum plasmonics for achieving efficient light-matter interaction at the nanoscale. This permits a scale law approach profiting from the strong maturity of cQED concepts and adapt them to nanophotonics. We also discussed the presence of losses that are inevitable at the nanoscale. The Purcell factor includes Ohmic losses that are inherent to the excitation of plasmon in real metal so that it has to be manipulated with care. In the particular case of plasmonic waveguides, the coupling efficiency to a guided mode is not affected by propagation losses. Obviously, only low loss systems such that crystalline nanowires or nanoplatelets would permit realistics applications. Finally, hybrid plasmonic/nanophotonic configurations would profit from the concept of Purcell factor through a common description of the coupling mechanism.
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r s (r p ) refer to the fresnel reflexion coefficient on the slab for TE (TM) polarized light and J are the cylindrical Bessel function.
The total decay rate of a dipolar emitter above follows Eq. 28 and writes above a slab
so that the total decay rate writes
that defines the dipolar emission power spectrum used in Eq. 35.
Appendix A.2. SPP contribution near a lossless mirror
In this section, we consider a metal(ε 2 )/dielectric(ε 1 ) single interface, and assume a lossless metal [Im(ε 2 ) = 0]. The coefficient of reflexion writes
and presents a pole for ε 2 k 1z + ε 1 k 2z = 0 leading to the (real) SPP wavector
(A.5)
The dipolar emission power spectrum near the SPP resonance can be assessed from an expansion of r p near its pole
so that the SPP contribution to the decay rate is determined from the residu. We achieve [100] Γ (d)
Appendix A.3. SPP contribution near a strongly lossy mirror
We now consider the strongly lossy configuration at the emission wavelength λ em = 525 nm. Figure A1a presents the dipolar emitter spectrum as a function of the in-plane wavector. Due to strong losses in the metal, lossy wave cannot be separated from the SPP resonance (compare to Fig. 2) . Indeed, the power spectrum presents a very broad resonance-like power spectrum at high k . Therefore the dipolar emitter can couple to either the SPP or LSW, hence a Fano behaviour. In order to determine the SPP contribution to the total decay rate, we numerically integrate the emitted power in the range 1 < k /k 0 < 1.4 (continuous line in Fig. A1c ). We also estimate the SPP behaviour assuming a Fano resonance as described in the next section (dots in Fig. A1c) . Finally, the SPP contribution assuming a lossless metal and the total decay rate are also represented. We observe that the lossless model overestimates the SPP rate and could be even larger than the total decay rate (around d ≈ 100 nm). The SPP rate estimated from Fano profile or by direct numerical integration are in qualitative agreement but show some discrepencies, illustrating the diffculty to separate the SPP and LSW contributions.
Appendix A.4. Scattering rate
The scattering rate is achieved from the power scattering in the far-field zone. It can be estimated from asymptotic behaviour of the Green's tensor. We achieve where the differential scattering cross-section expresses [103] to a finite metal slab or multilayer system. The difference betwen the radiative and scattering rates originates from the part of the radiative waves absorbed before achieving the far-field (see e.g. Fig. 5 ) and/or from SPCE leakage (see Fig.  9 ).
Appendix B. Fano profile
Assuming a Fano profile of the emitted power P (k ) (see e.g. Fig. 1b) , it follows [114] P (k ) = P (k spp ) q 2 + b (qκ spp + k − k spp ) 2 + bκ so that we recover the expression (36) for a Lorentzian profile (q → ∞).
Appendix C. Energy confinement of LSPs
The electrostatic potential associated to the n th LSP mode of a spherical MNP follows [150] Φ n,m = that fixes the resonances of the n th LSP. If the dielectric constant of the metal ε m follows a Drude behaviour, the resonance angular frequency obeys ω n = ω p n/n + (n + 1)ε 1 . The n th LSP presents a degeneracy g n = (2n + 1) and the electric field of the (n,m) mode writes so that the effective volume is for m=0 [159] V n,0 = 6V 0 (2n + 1)(n + 1) 1 + n (n + 1)ε 1 (C.9)
For m = 0, the integration over θ is numerically evaluated (see Fig. 13 ). We note a discrepancy between the mode volume deduced from Purcell factor (V P urcell ) and the mode volume estimated from energy mode confinement assuming a lossless metal ( V n,m ). Indeed, we have [151] V P urcell n = 3V 0 (2n + 1) 1 + n (n + 1)ε 1 so that the ratio V P urcell V energy = n + 1 2 (C.10) depends on the mode number n only.
